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Abstract. In this paper we study the Cauchy problem for the eUiptic and 
non-eUiptic derivative nonlinear Schrodinger equations in higher spatial dimen- 
sions (n > 2) and some global well-posedness results v^ith small initial data in 
critical Besov spaces B| are obtained. As by-products, the scattering results 
with small initial data are also obtained. 
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1. Introduction, main results and notations 

1.1. Introduction. In this paper, we mainly consider the Cauchy problem for the 
elliptic and non-elliptic derivative nonlinear Schrodinger (DNLS) equation 

{idt + A±)u ^ F{u,u,Vu,Vu), u{0, x) = uoix), (1) 

where m is a complex- valued function of {t,x) £ M x M", 

n 

A±zi = ^£,92^u, e, e{l, -1}, i = l,...,n, (2) 

1=1 

V — {dxi , dx„) and F : C^"+^ C is a polynomial, 

F{z)^P{zi,...,Z2n+2)^ J2 G C, (3) 

m< 1/3 1 <oo 

here m G N, m > 3, n > 2, /3 = . . . ,^2n+2) G Z^"+^ The DNLS covers the 
following derivative nonlinear Schrodinger equations as special cases. 

{idt + A±)u=\uf\-Vu + u'^^l-Vu, (4) 

('9t + A^)u^^^J2s,{dx,ur. (5) 

Eq. (HI including the non-elliptic case describes the strongly interacting many- 
body systems near criticality as recently described in terms of nonlinear dynamics 
pn [HI |B] . Eq. ^ is an equivalent form of the Schrodinger map (elliptic case) and 
the Heisenberg map (non-elliptic case) 

dtM = M X A±M (6) 

under the stereographic projection (cf. [U [71 [^1 [TUl US] ) , respectively. 
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The local and global well posedness of DNLS ([T]) have been extensively studied, 
see Bejenaru and Tataru 2 , Chihara OH], Kenig, Ponce and Vega [121 E], Klain- 
erman [T^, Klainerman and Ponce [T7], Ozawa and Zhai [12], Shatah [30] and the 
authors [22j . When the nonlinear term F satisfies some energy structure condi- 
tions, or the initial data suitably decay, the energy method, which went back to the 
work of Klainerman and was developed in [S] S] [171 Ull (20] , yields the global 
existence of DNLS ([T]) in the elliptical case A± = A. Recently, Ozawa and Zhai 
obtained the global well posedness in i/''(R") (n > 3, s > 2 + n/2, m > 3) with 
small data for DNLS ([T]) in the elliptical case, where an energy structure condition 
on F is still required. 

By setting up the local smooth effects for the solutions of the linear Schrodinger 
equation, Kenig, Ponce and Vega [121 [E] were able to deal with the non-elliptical 
case and they established the local well posedness of Eq. (jlj in i/" with s ^ 
n/2. Recently, the local well posedness results have been generalized to the quasi- 
linear (ultrahyperbolic) Schrodinger equations, see |141 115j . By using Kenig, Ponce 
and Vega's local smooth effects jl2j and establishing time-global maximal function 
estimates in space-local Lebesgue spaces, the authors 22 also showed the global 
well posedness of elliptic and non-elliptic DNLS for small data in Besov spaces 
B|^i(]R") with s > n/2 + 3/2, m > 3-H4/n. Wang, Han and Huang ^ was able to 
deal with the case m > 3 and n > 3 by using the frequency-uniform decomposition 

3/2 

techniques, where the initial data can be in modulation spaces and so, in 

Sobolev space H" with s > n/2 + 3/2. However, for the initial data in critical 
Sobolev spaces, the global well posedness of DNLS (jlJ for both elliptic and non- 
elliptic cases is still unsolved. 

In this paper, we will improve the results in higher spatial dimensions |221 123] 
to critical Besov spaces. 



1.2. Notations. Throughout this paper, we fix fc e N. For x,y E M^, x < y means 
that there exists C > such that x < Cy. By x y we mean x <y and y x. Let 
X € C^((— 2,2)) be an even, non-negative function such that x(s) — 1 for \s\ < 1. 
We define V(0 — x(lCI) " x(2|^|) and i/>j := ^^{2-^-). Then, 

^Vj(0 = l, for e e K", ^ =^ 0. 

Define 

and P>M = 'l2j>M ^^"^ P<M — I — P>M- Also we define the operator Pj 

by 

Pj = Pj-i + Pj + Pj+i, 

which satisfies 

P,oP,^P,. 

We denote by 4S(R") and 5'(R") the Schwartz space and its dual space, respectively. 
The Besov spaces i?| ^{IR") and i?| ^(E") are respectively the completions of 
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in 4S'(K") with respect to the norms 

oo 

oo 

II«I|b|^(R") := \\p<ou\\L2+J2rmPM\L^- 

For Banach spaces X and Y, we define the the Banach space X OY hy the norm 

MxnY := \\u\\x + \\u\\y 

and X UY hy the norm 

\\u\\xuY := inf{||/|U + llslk : u ^ f + g, f e X, g e Y}. 
The Fourier transform for any Schwartz function / is defined by 

7(0 = = CO / e-'^<f{x)dx, 



and extended to iS'(M") by duahty. In the same way, for a function u{t,x) on 
M X W\ we define its time-space Fourier transform 



= ^t,xU{T,£) = Cl 

For any vector e G §"^^ let 



Pe = e R" : e • e = 0}. 
Then for p,q E [1, oo], define the normed spaces L^-'^ = _L|^'(M x M") 
LP'" = {u e l2(]R X K") : llull^P,, < oo}. 



where 1 1 it 1 1 



\u{t,re + v)\'i dvdt 



p/i 



dr 



i/p 



(7) 



Let eo = (1, 0, . . . , 0), we can fix a space rotation matrix A, which depend on e, 
such that 



Ae = eo. 



We have 



\W{t,x)\\Ll-'' = \\u{t,A ^x)||iP^L|_^, 

where x S R""-'^ and x — {xi,x). 
In view of ([2]), we denote 

n 

2=1 

and by W± (i) the hnear non-cUiptic Schrodinger semi-group 

For e = (ei, • ■ • , e„) G §"~^, denote 

e± = (eiei, . . . ,e„e„) e S"^^ 
where G {1, —1}, i — 1, . . . , n are the same as in pO|l . 



(8) 
(9) 

(10) 



(11) 
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Let A be as in (|8]). We have 

daA-'e±) -.^d^ljlA-^^ + teo)p±) = 9* Jl^-i^ + te\l) 



^^^{\A-'e±+t^\e\l + 2tA-'C-e±) (12) 



=9, 

=2(A-iO-e±. 

This derivative relation was first observed in [24 and will be used extensively in 
the sequel. Define the directional derivative along e by 

57/(0 = (C-e)/(0- (13) 
Now define the projection operator j related to e as 

QtJ(0=^>fc-KC-e)7(0, (14) 
which are cut-offs in frequency space along the direction e. 

1.3. Main results. First, we consider the global well-posedness of DNLS ([T]). 



Theorem 1.1. Assume that to > 3 for n > 3, and to > 4 for n = 2. Suppose that 
uo e B2,i^+\M") and 
has a unique solution 



Uo G B2^^i^^{M."') and ll'^oH pji/2+i|-jj„-j < 6 for some small 6 > 0. Then DNLS ([T]) 



u e ^2"f ^ C(R;B2/i'"^'(I^")). 
where 2,2^-^^^ is defined in (|100p . Moreover, the scattering operator carries a whole 
neighborhood in B^'^^^iW) into B^^^^'^iW^). 

By expanding 1/(1 + |itp) into power series, it is easy to see that the nonlinear 
term in Eq. ([5]) is a special case of ([3]). The result of Theorem 11.11 contains the 
equivalent form of the Schrodinger and Heisenberg map equation ([5]) as a special 
case if n > 3. 

Corollary 1.2. Let ti > 3. Assume that uq G i?^ (^^^ (K") and ||uo|| r>i/2+i.„„> < 

2,1 / 

6 for some small 5 > Q. Then Eq. ([5|) has a unique solution u G Z2^i^^ C 
C(IR.; ^2 i^^^(]I^"))- Moreover, the scattering operator carries a whole neighborhood 
m B2/i^+^(M") into B2,(^+\M"). 

Now we consider the initial value problem 

{idt + A±)u = |ur-^Ai • Vm + lur-^u^Az • Vu, u(0, x) = uq{x), (15) 

where to G 2N + 1, Ai and A2 are constant vectors. Taking m = 3 in p^)) . we get 
Eq. The initial value problem (1151) is invariant under the scaling 

ux{t,x) — \"^u{X^t,Xx), u\{0,x) = A'"-i uo(Aa;), (16) 
where A > 0. Denote 

1 

(17) 



2 TO- 1' 

nd the equi\ 

From this point of view, we say that i^j" is the critical space of Eq. ([15 



then ||uA(0,a;)|| ■ s' ^ ||u(0,a;)|| .3' and the equivalence is independent of A > 0. 



GLOBAL WELL-POSEDNESS FOR SCHRODINGER EQUATION 



5 



Theorem 1.3. Let m be an odd integer. Assume that m > 3 for n > 3 and 

m > 5 for n ^ 2. There exists S > such that for any uq £ i32'i(K") with 
\\uq\\ . s' . < S, Eq. (|15p has a unique solution 

where \ is as in (|82p . Moreover, the scattering operator carries a whole neigh- 
borhood m B^lliR'') into B^'jiW"'). 

Finally, we consider the nonlinearity with full derivative terms 

(i9t + A±)u = F(Vu,V-u), u{0,x) =uoix), (18) 

where F : C^" — C is a homogeneous polynomial of degree m, for example, 
F(Vm, V-O) — {dxiU)™-~^{dx2uY ■ It is easy to see that equation is invariant 
under the scaling 

ux{t, x) \^^^^u{X^t, Ax), ma(0, x) = A"^+^uo(Aa;), (19) 
where A > 0. Denote 

n m — 2 , , 

'- = -2^^V (20) 
then ||ua(0, x) ll^sm ||m(0, a;)||^3m , thus is also referred to as a critical index. 

Theorem 1.4. Assume m > 3 for n > 3, and m > 4 for n ^ 2. There exists 
S > 0, such that for any uq G B2"l{M.") with ||uo||^s„|.jj„^ < S, Eq. (fT8|) has a 
unique solution 

ue% CC(M;%(K")), 
where .Z^" '^■^ (|82p. Moreover, the scattering operator carries a whole neigh- 
borhood m B2"(K") -into ^2"(K"). 



The rest of the paper is organized as follows. In Section [21 we deduce the 
LP'°°, L^'^ type estimates for the solutions of the linear Schrodinger equation. In 
section |31 we construct the resolution spaces and prove some nonlinear estimates 
to deal with IVP (HI]) and (US]). In Section HI we consider the IVP (P with general 
nonlinearity. In section [Sj we prove the main results. In the last section, we give 
the rotated Christ-Kiselev Lemma for anisotropic Lebesgue spaces. 



2. Linear estimates 



Recalling that in order to solve the Schrodinger map, lonescu and Kenig [9] used 
the following type estimate 



itA , 



which is actually implied by 



(21) 



(22) 



where x = (xi, ir), which was first used by Linares and Ponce [18] to study the local 
well-posedness of the Davey-Stewartson system. Indeed, after a spatial rotation, 
([22]) implies that ([2T]) holds. Even though <{22\ also holds for the non-elliptic case 
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and it is a straightforward consequence of the local smoothing effect in one spatial 
dimension (cf. [121 UHl ) , (|2T|) in the non-elliptic case is not true, since e**^± 
is not invariant under the spatial rotation. In this paper, we show the following 
smoothing effect estimates by partially using the idea of Kenig, Ponce and Vega 
[12] in one spatial dimension: 



„i(t-s)A± 



<C||0IU^, 



PjF{s) <C||F||^i,., 



(23) 
(24) 



where e± is defined in ([TT|). d]J^ and are defined by the symbols |^ • e|^/^ and 
^ • e, respectively. 

2.1. Smoothing estimate and Maximal Function estimate. In this subsec- 
tion we shall prove the smoothing estimate and maximal function estimate, both 
of which are sharp up to scaling and global in time. 



Lemma 2.1 (Smoothing effect). For G i^(M") and n>2, then 



where I?e±^ is defined by Fourier multiplier \^ ■ e±\^^^, and e± G §" ^ is defined in 

Proof of Lemma By the definition, we have 

Dii^W±{t)cf,= f e"-«e^*l«l±|e-e±|i/20(e)de 



Dli'W±{t)<p <C\\<Ph-^, 

1/2 



(25) 



(26) 



where we denote ^{^) = |^|^, and a(^) = |^ • e±|i/2. In view of dH) and 

= A*, we have 



Dl/^W±{t)cj,{x) 



■■«„it1'(«) 



e*-«e***i(«)ai(O0i(OdC 



(27) 



where *i(0 = '^iA-^^),ai{^) = aiA'^O and MO = di^'^O, then apply 
Plancherel theorem to (j27p in x variables and continue with 



< 



e"^«^e***^(«)ai(e)0i(e)d6 
e"^«^e^**^(«)ai(O0i(Orf6 



(28) 
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Then for p5|) . it is sufficient to show for any ^ G M" ^, 



(29) 



Fix ^ to be constant, performing the change of variable rj — using 
Plancherel's identity in the t-variable, then returning to the original variable = 
6{ri), it follows that 



dt 



drj = 



ai(O0i(OI^'('7)l 



(30) 



now it suffices to show ai(^i, ^)|6''(?7)| 2 — f, which is equivalent to |i9j^^i(^i, ^)|^/^ — 
ai(^i,^), by the definition of ^'i, it is sufficient to show 



which is exactly implied by ([T^ since ai(^) = • e±|^/^. 



(31) 
□ 



We will need the following frequency- localized form of Lemma 12.11 
Corollary 2.2. For (j) e L'^{R"), j eZ and n>2, then 

\\PjQ"^oW±{t)4^^.. < C2--'"/2||0||^,, (32) 
where e± is defined in (jlip , and the operator iq is defined in (|14l) . 



Proof of Lemma \2.SX Under the phrase cut-offs PjQj loi have the approximation 
Dei ~ 2-'\ thus ^ follows directly from (US]). ' □ 



Now we give the dyadic maximal function estimate, which generalize Lemma 3.3 

inig. 

Lemma 2.3 (Maximal Function Estimate). For 4> £ L'^iW^), n > 2, p > 2 and 
np > 6, then we have 



<C\\ 



where the constant C is independent on n, p and j . 

Proof of Lemma \2.3\ . From the definition, it is sufficient to show 



e"-«e^*l«l±^,(0^(Ode 
In view of dH), it suffices to prove 



< 2(^-p)^'||</.||j 



< 2^^-^^^\\(t)\\ 



L2, 



(33) 



(34) 
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where x,^ & R" ^ satisfy ^ — (fi,^), and x — {xi,x). By A ^ = A* and changing 
of variables, for (p4|) it suffices to show 



< 2(*-p)^'||</)l| 



L2, 



By standard TT* argument, for (^St it suffices to show 



Now we begin to prove (|36]). First we have 



rP/2, 



< 2"-'. 



Then by rotation and stationary phase, we have 



■■?p»t|€l3 



Finafiy, by integration by parts, for |a;i| > 2-'+ |t| we have 



< 



2^ 



il + V\x,\y 



Let 



K{xi,x,t) = / e""'^^"e""""e 
in view of ^ and (HH), we have 

sup \K{xi,x, t)\ < 

2^\xi\-^ 



2nj 



(l + 2J>i|)2 
Thus (l36l) follows from (l40l) since p > 2, > 6. 



if |a;i| < 2-^' 
, if \xi\ > 2-^ 



(35) 



(36) 



(37) 



(38) 



(39) 



(40) 



□ 



Lemma 2.4 (Strichartz Estimates Let {q,r) and {q,f) be admissible pair^. 

We have 



[ W±{t- s)F{s)ds 
Jo 

where l/q' + 1/g = 1, and l/f' + 1/f = 1 



I W±{~s)F{s)ds ^ <||F||^,,^„, 



(41) 
(42) 

(43) 



^{q,r) is said to be admissible if 2/q = n(l/2 — 1/r) with q,r >2, and q =^ 2 for n = 2. 
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2.2. The main linear estimates. Now we consider the inhomogeneous IVP 

{idt + A±)u = F{t,x), u(x,0)=0 (44) 
with F G iS(M X K"). Our main result in this section is 

Lemma 2.5 (Smoothing effect: inhomogeneous case). The solution of dH]) satis- 
fies 

\\D^^u\\^^.,<C\\F\\^i... (45) 
where De± is defined by Fourier multiplier ^ • e± . 
Proof of Lemma \2. 51 Let u satisfy 



ir 



which is a solution of the first equation in pi)) . We have 



(46) 



De±u(t, x) = C 

By definition and (jH]), we have 



r-m 



■F{T,Od^dT. 



\De±u{t, x)\\ J- oa,2 ~ \\De±u{t, A ^x)\ 



r-\i\\ 
r-l^-iCI 



F{T,i)didT 



j^F{T,A-'Od^dT 



(47) 



Then we denote fl{T,£_) 
{x, t) variables to get 



^^^^^i^^i and apply Plancherel's theorem to (|47|) in 



/ 

Jm. 



Denote 



e'*"e"-«17(r, C)F{t, dr 
e'^^^^n{T,OFiT,A-'Odii 

fiT,0=Fir,A-'0 



(48) 
(49) 



Then (l48l) can be rewritten as 

e"^«^f](r,e)/(r,e)d6 

if(r,a;i-yi)/(^i)(r,yi,adyi 
where /^^^^ denoting the inverse Fourier transform of / in xi variable, and 
if(r,xi) = ^e"^«^r!(T,ei,0'^ei 

Now we claim: 

KeL°°iM.^), with norm M. 



(50) 



(51) 
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The claim ([51]) combines with Minkowski's inequahty and Plancherel's theorem 
show that (1501) can be bounded as follows 



cM 



<cM / ||/("^)(t,2/i,0IIl^_ dy. 



(52) 



= cM / ||/(^,yl,2/')llL^ dyi, 
Jr " '* 

then apply (|^ and we continue with 

=cM f \\F{t,A-'y)\\L2^ dy, 
Jr " 

=cM\\F{t,y)\\^^2. 



which yields (|45)) . 

It remains to prove the claim ((5T 



where 



r-\A-^^\l 



(53) 



(54) 



(55) 



if we fix ^, T and e, and then denote E{^i) A • e± and -F(^i) := t — \A 
In view of ([T^, we have 

J-i^(ei) = -2i?(6), 
so, we can assume for some a, 6, c S R depending on ^, r and e, such that 



If a ^ and 6 = 0, then n{T, = and so = 0. 
If a and b then we have 



(56) 



this is just the Fourier transform of Hilbert transform, thus bounded. 
If a 7^ and b ^ then we have 



'K{t,xi) 



,,i,_a^i+_b_ 



5<? + b£,i+c 



d^i 



Cl + - 

(a + !)^ + c-(f)2 



dCi 



b \2 



d^i 



(57) 



which is bounded by a standard argument as in [12] and we omit the details. 
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In general, the u defined in (|46l) may not vanishi at t = 0. However by Parseval's 
indentity we have 

w(0,x)=c / « / e^*^ \-^F{T,i) dr di 

Jr" Jr ''' ~ \Q± 

e"-^ [ F="(s,,f)s5n(s)e'"*l«l±dsde 
Jr 

=c / 6^^'^'^''= F{s, x)sgn{s) ds. 
Jr 

Now from §Eil it follows that Def w(0, a;) £ ^^(R"), which combine with ^ shows 
that 

is the solution of (jH]) and satisfies the estimate (|45p . □ 



(58) 



The following result follows directly from Lemma [ 
Corollary 2.6. For F e 5(M"+i), j e Z and n > 2, then 

2^'/^ PjQjto / W±it-s)F{s)ds ^,<2"^/2 sup \\PjF\\^i.2 



Lemma 2.7. Lei p > 2 /or n > 3, and p > 3 /or n = 2. T/ien i/ie solutions of 
satisfies 

2-(f-i)J||p,-u||^p,oo < C2-^'/2 iip^-i^ii (59) 

where e' G S"^-'^. 

The case for A± ^ A, p ~ 2 and n > 3 was already proved by Bejenaru, lonescu, 
Kenig, Tataru in [J. Here we employ a different argument. 



Proof of Lemma \2.7\ Using a smooth angular partition of unity in frequency, we 
can assume that PjU and PjF is frequency localized to a region ■ ^ ■ g± S 
p-'"^, 2^+^]} for some e G §"^^, it suffices to prove the stronger bound 

2-(^-i)^||P,uL.;~ <2--'"/2||F||^i,., (60) 

We rotate the space so that e = Gq, then the function (|44l) reduce tc0 

(i(9t + A^)M = FonM" xK, w(0) = 0. (61) 

where Aj.u(r, ^) = j_u(t, ^), A is defined in ([8]) related to e. And here PjU 

and PjF is frequency localized to a region {^; • e± G [2-'"^, 2^+^]}. So for 
it suffices to prove that the u in (|61l) satisfies 



2-(t"^b||P^.„|| <2-^/2||^^||„ . (62) 



^Space rotation change the form of the equation, since it's non-elliptic. For example, in 2- 
dimension, idtu + (9^^ — d^^)u = become to idtu + 8x18x2^ = after rotating the space 7r/4 
clockwise. And this is the main difficulty of this proof. 
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the solution u of ([6T|) can be expressed as 

u{t, x) - 



e''^^e'y^F{0,yi,y')dy'd0 



d^dr dyi 



where y^{yi,y'), and 



For ([62]), it suffices to show that 



(63) 



By translation invariance we can set j/i = and drop the parameter yi from the 
notations. Thus 



uit, x) 



„ + l T- 1^-1^1^+ 



FiT,^)d^dT. 



where ^ G R" ^ and ^ = (^i:0- Now we view r — |A as a quadratic of 

variable, then we can decomposition it as 



e(a) = T - = c(a - - ^2), 



(64) 



where Si := Si(T, ^). We can assume that si ^ S2, since the set {(r, ^) : si(r, ^) = 
S2(''', ^)} is a zero-measure set. First, we assume here that si and S2 are real 
numbers. Then we have 



u{t, x) 



. + 1 c(^i - Sl)(6 - S2) 



^+l C(S1 - S2) 



f 



e**^e"-« f 
.+1 c(si - S2) Ci - si 



„ + l c(si - S2) $1 - S2 



F(r,e)d^dT 



:=/i+/2. 

By symmetry, we only consider 1\. And we continue with 



.+1 c(si - S2) 

^itT ^ix-e, 
.+1 c(si - S2) 



6^ 



{e''^'Hsgn{x^)\F{T,i)didT. 
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In view of the definition of si, we notice that r — |^ ^(si,^)|j_ — 8(si) — 0, thus 
we have r |^"i(si,OI±- Then 



=i sgn{xi) 



e__e^ ,t\A i(si,{)|± 



, + 1 c(si - S2) 

Change variable 77 = si(t, ^) with 

dr — d^^ \A~^^\'^dri = d^^ Q{si) di] = c{si — S2) di]. 
where the last step holds since (j64p . Then we continue with 

=isgn{xi) I e"-«e-'*l^"'«l±/'(|A-ie|±,e)df 
:=i sgn{xi)e'^^^^VQ. 
where woCC) — ^(I^^^^l±i0- Then by Lemma [2.31 we have 

e' e' 

Thus for (jM]) . it suffices to prove 

||z;o|U=<2-^/2||f^L|^^, (65) 

which follows from changing variable argument in (|12p and the frequency localiza- 
tion assumption on u. 

It remains to consider the case when Si are complex numbers. Let si = a -\- ib 
for some a, 6 G M, and then we must have S2 — a — ib. Thus 

r + lA-i^l^ = c(a -a-ib){^i-a + tb), 

and furthermore 



/ 

Jr 



c(Ci — a — i&)(Ci — a + ib) 



d^i 



1 



2icb Jjj ^1 — a — ifc 



1 



Jx-i^i 



1 

'2ic&^ 



d^i 



2ic6 ^1 — a + z6 
4i +^b 



d^i 



By the boundness of Hilbert transform, for any xi, 6 G . 



< c. 



(66) 



(67) 



Ci + «& 

Then the left part of the proof follows from the same argument, where Si are real, 
with (l66l) and (1671). Thus we omit the details here. □ 



We notice that the dual version of Lemma [^7T] and Corollarv l2.2l are given by 

Dli^ J^W±{~.s)Fi.s)d.s\\^^<C\\F\\^.^., (68) 
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and 



<C2-^/'\\P,F\\^y. 



P, f Ty±(-s)Q;±oF(s)ds 
Lemma 2.8. We have the following estimate 

Pj [ W±{t~ s)F{s)ds <2-J/2 sup 



(69) 



(70) 



Proof of Lemma \2.8[ We can assume that PjF is frequency localized to a region 
{£, ■ C ■ 6± £ [S-*^^, 2-'+^]} for some e S §"~^, since finite such regions can cover the 
annulus : |^| ^ 2^}. So we may assume that PjF G L^'^ and it suffices to prove 
the stronger bound 

/ W±{t-s)P,F{s)ds <2-^^^P,F\\^r.2. 

Jo L^Ll 

In view of we notice that 



(71) 



J W±{t- s)PjF{s)ds 
J W±i-s)P,F{s)ds\\^^<2-^^'\\P,F\\^y, 



(72) 



To conclude we substitute F{s) by X[o.t] is)Fis) then take the supremvim in time in 
the left hand side of the resulting inequality. □ 



Sometimes, we need Strichartz estimates to deal with the low frequency parts. 
Lemma 2.9. Let {q,r) be an admissible pair with q,r > We have 



f W±{t-s)P,F{s)ds <2-^/2 sup ||P,/||^i,., 



2'^'||^jQ'20^ W±{t- s)F{s)ds 

For p > 2, > 6, e G §"^^, we have 

2-(t-5;)J p. / W±{t- s)F{s)ds 
Jo 

Finally, the Strichartz estimate 

Pj I W±{t- s)F{s)ds 
Jo 

where \/q' + l/g = 1, and l/r' + 1/r = 1 



< WP.F 



< WP.F 



3^ WlTlz'' 



(73) 



(74) 



(75) 



(76) 



Proof of Lemma \2.9i For (|73|) . using a smooth angular partition of unity in fre- 
quency as in Lemma 12.81 it suffices to prove 

<C2~^/^\\PjF\\^i.2. (77) 



[ W±{t- s)PjF{s)ds 
Jo 



■^Condition q, r > 2 is necessary in our argument, since we have used the generaUzed Christ- 
Kieslev lemma as in Lemma l6.2l 
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with Pjf is frequency localized to the region ^ • e± e [2^ ^,2-'+^]}. In view of 
(fTTI) . it suffices to show ([771) for r > 2. By ([M]), we have 



< 



J W±{t~ s)PjF{s)ds 
J W±i-s)P,F{s)ds\\^^<2-^/^\\P,f\\^.^., 



(78) 



since min{q,r} > 2, we can apply Lemma \K2\ to (|78l) then get ([77| . 

For ((7^ and (|75l) . the proofs are similar and therefore will be omitted. And ([75)1 
follows directly from Strichartz estimate (l43l) . □ 



3. Homogeneous case 

In this section, we will prove the linear and nonlinear estimates for dealing with 
the homogeneous nonlinearity. 

3.1. Function spaces. We denote 



2-(t-^b- sup , 



:= 2^/2 sup ||P,Q;,W1Il-.^> 



and define 



ll^./lli;- II^'./IImj" + ||P,/lls, + ||p,/IIt,. 

By CoroUarv 12 . 2 1 and Lemma [2.31 for m > 3, ri(TO — 1) > 6, we have 

\\p,w±m\Y^^ < uwl^. 

Denote 

\\P,u\\n, := 2-^-/2 3up llP.^ilLi... 



(79) 

(80) 
(81) 



Now we are ready to define our working spaces. For a > 0, define the resolution 
space 



and the "nonlinear space" 



(82) 



(83) 



3.2. Linear estimates. We now give the following linear estimates for the solu- 
tions of the non-elliptic Schrodinger equation. 

Lemma 3.1. Let m>3, n{m - 1) > 6, a > and (j) e B^^, then W±{t)(l) G 
and 



16 



BAOXIANG WANG, YUZHAO WANG 



Proof. From (|80| . we have 

mw±m\\Yj- <c\\p,nL2, (84) 

where Pj = Pj-i + Pj + Pj+i. Then, directly from ([82]) and ([84]), we have 

l|W^±W0ll4^,, = E2'''ll^:'■W^±W'^ll>;" 
as desired. □ 

Lemma 3.2. Let m > 3, n{m - 1) > 6, a > and F e N!^-^, then j'lw{t - 
s)F{s)ds e Z21, and 

fw{t-s)F{s)ds <C||F||^„^. (85) 

'0 ^2,1 

Proof. By the definition, it is sufiicient to show 

ft 



Pj [ W{t- s)Fis)ds 
Jq 



< \\P;F 



which foUows fi'om Corollary 12.61 Lemma 12.71 and Lemma 12.81 since m > 3 and 
n{m~l)>6. □ 



3.3. Nonlinear estimates for homogeneous nonlinearity. In this section we 
estimate the nonlinear term _F(u, u, Vu, Vu) in the space N!^"^. 

Lemma 3.3. For m > 3, (m — 1)71 > 6, and s„i = f + ^^^--f we have 

||^^(Vu,Vu)|U.„ <C||u||™.„ (86) 

where F : C^" — S- C is a homogeneous polynomial of degree m. 



Proof of Lemma \3.3[ We can assume that i^(VM, Vu) — {dxiu)"^. By definition, 
we have 



ii(a.^7.)"ii^. =^2(--v2w snp midx.urw^y. 

It is easy to see that 

Fmthermore, we have 

Pj[Pjii9xiU) ■ Pj^id^iu)] = 0, unless max(ji, . . . ,j™) >j-C. 

Let 

7-™ = {(ji, ...,Jm)€Z^ :j < max(ji, . . . ,j„) + C}. 



(87) 



Then 



\PA^^^^r\\Li^^ < E WPAPnid.^u) P,Adx,u)]\\^., 



(88) 
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We can assume now ji — inax(ji, . . . , jm). When m is odd, that is m = 2fc + 1 for 
some fc £ N, we have 

\\P,[P,Ad,,u)-...-P,,,^,{d^,u)]\\^y. 

mAd.^u) ■ . . . ■ P,,^Ad^,u)hi^ 

2k+l 

\\Pnid.,u) ■ . . . ■ P,,^Ad.,u)Ui^ n IIP,, (a., u) 11^..,^. 

We can assume Pj-^{dxiu) is frequency locahzed in the region : ^ • e± e 
[2-'i~^, 2^^+^]} for some e e §"~^, since finite many such kinds of regions can cover 
the annulus : |^| ~ 2^^}. Then using Holder's inequahty, we can control the 
above by 

\\Pni9^l'^^)\\L^■^\\P32i^x^u) • ... •Fj,^,(5^,w)||^2,oo 

e e 

2k+l 
i—m-\'2 

k-\-l 2fc+l 

< mAd.,u)\\^^.2i[\\p,M.^)\\Lf^- n mAd.,u)\\^2.,^ 

i=2 i=k+2 
2k+l 

< C2-^^/^P,Ad.,u)\\s,^ n 2^^-*^'Ml^..a.«)llMf+^ 

i=2 ^' 

2k+l 

< C2^^/^P,,u\\r,.l[2^^-^^+''>^^\\P,M\yj:, (89) 

i=2 

where m — 2k + 1 and Y™ norm is defined in (|79p . 

When m is even, that is m = 2fc for some fc G N, then we have 

\\P,[P,Ad.,u)-...-P,,,{d,,u)]\\^..2 

< \\P,Ad.,u) • . . . • P,Ad.,u) ■ \Pj,^Ad.,u)nLl^ 

< \\PjAd.,u) • . . . • PjAd.^u) ■ \Pj,^Ad.,u)nLl^ 

2k 

>^\\Pj,+ Adx,u)f/2l-l.oa n \\Pj.i9x^u)\\^2k-l.^. 

i=k+2 

By the same reason as above, we can assume PjAdxiU) is frequency localized in 
{C • C • e± e [2-'i~^, 2-'i+-^]} for some e G S"~^. Using Holder inequality, we can 
control the above by 

\\P,Ad.,u)\\^^^2\\P,Adx,u) • . . . • P,,{dx,u) ■ \Pj,^Ad.,u)\^^'hi- 

2k 

x||P,,^,(5,,u)||^(Li,o. n \\PjAd.,u)\\^2.-^.^ 

i=k+2 



< 



< 
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By Holder inequality and definition of Y"^ norm, we continue with 

fc 

2k 

x\\P3,+i{dx,u)\\]^^l_,,^ Y[ \\Pj^{d.^,u)\\^2,-i.^ 

i=k+2 

2k 

< C2^^/^P,,u\\r..l[2^^-^+'^^^\\P,M\Y-. (90) 
From dMl), dUl), and dMl) we have 

sup \\p,id,,ur\\^u. 

(ii,...,i™)er;" ii^imax 

< E '2''^'\\Pn^\\Y-M%^. (91) 

jl>j-C ^2,1 

Then (HSl) follows from (gZl) and dM]), since s„ = | + 2^ and F(Vu, VfZ) = 
(cJajj^M)™. The proof for general F is similar, thus we omit the details. □ 



In order to prove Theorem ll.31 we need the following estimate. 
Lemma 3.4. For m > 3, (m — l)n > 6, and s[^^ f ~ 7i^^' '"'^ have 

||«"-i(A.Vu)|Lv.^ < (92) 

where A G K" is a constant vector. 



Proof. The proof is similar to Lemma 13. 3| we only give the outline. In view of the 
proof of Lemma 13.31 it suffices to prove 



sup miu-^-'id^^um^y. < J2 ^''^'\\Pn^\\y-\M'X- (93) 

Using the notations as in Lemma 13.31 we have 
supJ|P,(«"-i(a,,«))||^..2 



eeS 



E ™P \\PAPjAd.,u)-P,,u-...-Pj^u]\\^y2. (94) 

Assume first that ji = jmax, thus ji > j ~ C. In view of the argument in the proof 
of Lemma 13.31 we have 

\\P,[P,,{d,,u).....P,,^u]\\^i. 

rn 

< sup ||P,,g;f.2o«llL~.^n s'^P ll^.."llLr-^- 

rn 

< V^I^\\P,,u\\Y--Vi'^'-nPnAY-- (95) 

i=2 
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Otherwise, we can assume that j2 ~ jmax, then we can write 

The same argument as before with \\2^^^ Pj-^{dxiU)\\Y"^ S WPjiMW"^ gives that 

\\P,[P,,id.,,u)-P,,u-...-P,„u]\\Ll'^ 
< sup \\2-^^P,Ad.,u)\\^^-..^.2^^ sup ||P,.Q;,VllLe-^ 

m 

•Jl sup ||Pj,m||^„-i,c=o 

m 

<2<^^^\\2-^^P,,{dx,u)\\Yj^ .2^^^^P,,u\\yj^ ■]lr'^^^ 

m 

<V^'^P,M\Y--X{'^'-nPnn\\Y-- (96) 
Then ^ foUows from dM]), (ESI) and (|M1)- Thus we finish the proof. □ 



4. General case 

In this section, we will prove the linear and nonlinear estimates for general DNLS 
([T]) . The main difficulty is the lake of scaling invariance. 

4.1. Function spaces. In order to prove Theorem ll.il we introduce the following 
norms 



\PM\f, = \\PM\LrLi + ||Pjm||^.+4/„, 

\P,u\\j;,^ = sup [2(5-i)^||P,7i|U 

pGZ,p>2,np>6 '- 



Define 



\\pM\y, II^:."IIm, + \\PM\s, + \\PM\f,^ (97) 

Corollarv l2.2[ Lemma [^751 and imply that 

\\P,W±{my<CU\\L^. (98) 



Denote 



IwIIjv, := inf {\\v\\n,+\\w\\ (99) 

^'J u—v+w L L "+"4 J 



where the norm Nj is defined in (|81l) . 

Now we are ready to define our main spaces. For ct > 0, define the resolution 
spaces 

~Zl^ ^{u& 5(M"+i) : < oo}, (100) 



20 



BAOXIANG WANG, YUZHAO WANG 



and the "nonlinear spaces" 



■.-(El 



1/2 



(101) 



Our resolution spaces has P-structure in low frequency part and /^-structure in 
high frequency part. Since for general nonlinearity, the equation ([T]) has no scaling 
symmetry, we need measure the low and high frequency parts differently. 

Lemma 4.1. For any admissible pair {q,r), if q > 2 + A/n, then 

ll"llLfLs < Ikbo,- (102) 

Proof of Lemma\4.1\ Since q > 2 + A/n, by interpolation, we have 



and so 

For low frequency, by Littlewood-Paley square function theorem, we have 



II^<i"IIl?ls ~||(E 

Thus we finish the proof. 



P,u\ 



i<i 



1/2 



< 



Eii^.-iil, 



1/2 



J<1 



□ 



4.2. Linear estimates. We have the following linear estimate for the free non- 
elliptic Schrodinger evolution. 



Lemma 4.2. Let a > and (j> G 5(R"), then W±{t)(l) £ Z^^ and 



Proof of Lemma This follows from ()98p and similar argument as in Lemma 



Lemma 4.3. Leta>Q and F e N^^ ^^en /J W±{t - s)F{s) ds G Z^-^ and 

W±{t^ s)F{s)ds <C\\F\\j^^^. (103) 
Proof of Lemma \4-3\ By the definition, it is sufficient to show 



/ W±{t~s)F{s)ds ^ <C\\PjF\\n, 

Jo 



and 



W±{t- s)F{s)ds ^ < C||P,P||^(2 



a + 4)/(,i + 4) . 



(104) 



(105) 



CoroharyllJl Lemma[2Jl Lemma[2^and Lemma[2J]imply ([T04)) . and (fT05)) follows 
from Lemma [231 □ 
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4.3. Nonlinear estimate for general nonlinearity. Since for our solution spaces 
X, \\u\\x = ||'S||a', without loss of generality we may assume that 



F{u, u, Vu, Vu) = F{u, Vw) := ^ c^uU^'iVnY, 

m<K.+ | i/| <oo 

where (Vu)'^ u^^...^'^ here to e N, m > 3, n > 2, e Z!Ji. 
Lemma 4.4. For m > 3, (to — l)n > 6, we have 

Fiu,yu) _^,^^< \c..\-Mprl^. (106) 

Proof of Lemma \4-4\ Without loss of generality, it suffices to show 

||««(9.,«)l'^l||^„/.+. <h||;ll^U. (107) 

2,1 ^2,1 

In view of the definition, it suffices to prove that for \v\ ^ 0, 

sup \\P,{u^{d,,ut\)\\^^..<C J2 2^"^/2||P,,,i||5. ||«rtl^l7\ (108) 

and for =0, 

||P,(^.'')|l^(.„+4,/<„+4) <C ^ \\P,M\yJu\\P,^,. (109) 

i<Ji+C 

Now we begin to consider (|108p . let 

(l + t)jifi>0 
s'mJ if J < -1, 

where = n/2 — 1/(to — 1), since > 0, we have 

Noticing that < sj^^ < n/2 for to > to, in view of the definition we have 

\\PjAd.,u)\\^^-..^ < 2(^-+i)^-iP,,y||^^ < 2^^'"-|l^.."lly,., 

(110) 

\\p,Mhf-^.^<r'-'^\\p,M\M,^<2'-^^'m^^^^ 

which means that u and dx^u in x™"^'"" have the same upper bound. Let u G 
{u,dxiu}, thus we have ||Pj. (u)|Lm-i,oo < C2''™-^i ||Pj.u||y. , and 

sup ||P,(i.''(9,.,«)l'^l)(s)||^i,. 



(ji,-J„+|.|)6T;+I- 



eeS" 



By symmetry, we can assume ji — jmax- Furthermore, we can assume P,i('u) = 
Pj^ipxiu), which is the worst case. Iw view of the argument in Lemma [3.31 and 
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pTO]) . we have 

\\P,[P,Au)-...-Pj^^au)]\\^u. 



sup iip,,q;>iIl~'^ n 11^^ 



K,+ \v\ 



<2^-^/2||p,,^i||^^^ . n r--^\\P,M\Y,r (112) 

2=2 

Then (fT08| follows from (fTTT]) and (fm]) . 

Now we turn to (|109p and we only consider the case n > 4, since for n = 2, 3 the 
proof is similar. By Holder inequality and (11021) . we have 

51 \\Pj[Ph^ ■ ■■■■ P]M\\Lf^+i)/i^+^) 
Oi,...J,)GT7 

< ^ ^ llPjlU- ... •Pj„u||^(2. + 4)/(„ + 4) 

J<Ji+C02,...J.)GZ— 1 



fc-2 



^ E ll^.i^lly,, E E XlWPnAlt- (113) 

j<h+C j2eZ (i3,...jK)GZ»-2i=3 



where g satisfies 
By (fTU^ we have 



1 n + 4 



2 + 4/n q 2n + 4' 



i2ez 

and 

Ell^:'"!!^-. ^E2"'^'ll^-'-«lliri^ ^ (114) 

Since n > 4, so 2 + 4/rt < q < oo, by interpolation we have 

i2ez 

Thus (fT09ll follows from (fm]) since (fTTil) and ([TT5|) . □ 

5. Proof of the main results 

In this section we present the proof of the main results stated in Section [1] and 
only give the proof for Theorem 11.41 to demonstrate how our methods works. We 
follow the well-known approach via the contraction mapping principle. 
The Cauchy problem ^ on the time interval M is equivalent to 

u{t)^e'''^^uo- f e^(*"'')'^±F(u,?2,Vu,Vu)(s)ds 

Jo (116) 
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for regular functions. Whenever we refer to a solution of ([TJ, the operator equation 
(11161) is assumed to be satisfied. 



Proof of Theorem \1.4\ Lemma [3.11 implies that e**^±uo G Zg'J for uq G B2"l 
and 

Let 

Bl ■■= {no e B^.jiR") \ \\uoh^^^ < S} 
for (5 = (4C + 4) with the constant C > from ([Ml). Define 

i?. := {u e % I M^s^ < r}, 

with r = (4C + 4)"^ Then, for uq G and u E Dr, 

\\e''^^Uo-Iiu)it)\\^.„^ <S + Cr'<r, 
due to Lemma 13.31 Similarly, 

\\I{u) - I{v)\\^. < + Ml - HU.™ 

2,1 -^2.1 ■^2,1 -^'^ 



so $ : Dr — i> DriU e**^±Mo — I{u){t) is a strict contraction. It therefore has a 
unique fixed point in Dr, which solves (|116p . By implicit function theorem the map 
M : Bs ^ Dr, Uq u is analytic because the map {uq,u) i— e**^±uo — I{u){t) is 
analytic. Due to the embedding Zj'J C C(M, (K"^)), the regularity of the initial 
data persists under the time evolution. 

We start to prove the scattering property of system (fTSl) for small data. For 
initial data uq G B2"l{]S.''-), \\uo\\gs,„ < S, the solution u, which was constructed 
above, satisfies 

u{t) ^ e''^± (uo - e-''^^F{Vu,Vu){s)ds^ , f G (0, oo) 
So it is sufficient to prove the existence of the limit 

uo~ [ e-'''^^ FiVu,yu){s)ds-^u+ in B^'liR'') as t-)-oo (117) 

Without loss of generality we may assume u G C(M; B2"l (M'')) such that IjuH^^m — 
1. Estimate (|86p implies 

Our aim is to show (|117p . it suffices to show that 

lim P,- / e-'"'^±P(VM, Vu)(s)ds G i^. (118) 
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Using the argument in Lemma [3.31 '^e have for N > N', 
Pj / e-''^^F{yu,yu)[s)ds 

Jn' LI 

3i>j-C ^2,1 " 

in view of the finiteness of ||Pju||s ., so the right hand side of the above goes to zero 
as A''' goes to infinity. Thus the convergence (jllSp holds. 

The analyticity of the map V+ : mq > m+ follows from the analyticity of M shown 
above. The existence and analyticity of the local inverse W+ follows from the inverse 
function theorem, because V+{0) — and by we observe DV+{0) = Id. □ 

The proof for Theorem 11.31 and Theorem ll.il are similar, using Lemma [3.41 and 
Lemma 14.41 respectively instead of Lemma 13.31 



6. Appendix 



Rotated Christ-Kiselev Lemma. In this section, we generalize the Christ- 
Kiselev Lemma [51 . Denote 



Tf{t)= K{t,t')f{t')dt', Trefit) = Kit,t')fit')dt' 



(119) 



If r : Yi ^ Xi implies that T^e : Yi ^ Xi, then T : Yi — > Xi is said to be a weU 
restriction operator. 

The following lemma from [23] . 

Lemma 6.1. Let T be as in (jll9p . We have the following results. 

(1) //min(pi,p2,P3) > max(gi,g2,'Z3, 9193/92), then T : Ll\Lf Lf {W'+^) ^ 
LP} L"^ L^^ {W^~^^) is a well restriction operator. 

(2) //po> (vLift)V (9193/92), thenT:Ll\LfLf{W-+^)^tP°LP}{K-+^) is 
a well restriction operator. 

(3) //go < min(pi,p2,P3), then T : LfLl^[W'+^) ^ Lgi Lf (R"+i) is a 
well restriction operator. 

By a rotation argument, we can generalize Lemma iG.ll to the following. 

Lemma 6.2. Let T be as in (|119p . We have the following results. 

(1) Ifp > 2, then T : Li'2(M"+i) LP;°°(K"+1) is a well restriction operator. 

(2) Ifpo > 2, then T : L1'2(M"+1) ^ LPi(R"+1) is a well restriction opera- 
tor. 

(3) Ifqo < min(pi,p2), then T : LfLl^{W^+'^) LP}^p^{W"+^) is a well re- 
striction operator. 

Proof of Lemma lKR For (1), it suffices to show 

< 11/(^,^)11^=,.= , 



under the assumption 



[Tref]{x,t) 

[Tf]ix,t) 
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In view of ([9]), it is sufBcient to show 

[TrJ]{A'-'x,t) ^ ^ < (120) 

under the assumption 

[Tf]{A'-^x,t) < \\f{A-^x,t)\\LiLi,, 

if we denote 

[ff]{xA) = [T{f{A-mA'-'x,t), [frJKx,t) = [r,,(/(A-))](A'-ix,t). 

then apply Lemma O (1) to f , it follows 

The proofs for part (2), (3) are similar, thus we omit the details. □ 
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